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Abstract
In the year 1984 Shibata investigated the theory of a change
which is called a β-change of a Finsler metric. On the other hand in
1985 a systematic study of geometry of hypersurfaces in Finsler spaces
was given by Matsumoto. In the present paper is to devoted to the
study of a condition for a Randers conformal change to be projective
and find out when a totally geodesic hypersurface Fn−1 remains to
be a totally geodesic hypersurface Fn−1 under the projective Ran-
ders conformal change. Further obatined the condition under which
a Finslerian hypersurfaces given by the projective Randers conformal
change are projectively flat.
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1
1 Introduction
Let (Mn, L) be an n-dimensional Finsler space on a differentiable manifold
Mn, equipped with the fundamental function L(x, y). In 1984, Shibata [13]
introduced the transformation of Finsler metric:
(1.1) L
′
(x, y) = f(L, β)
where β = bi(x)y
i, bi(x) are components of a covariant vector in (M
n, L)
and f is positively homogeneous function of degree one in L and β. This
change of metric is called a β-change.
The conformal theory of Finsler spaces has been initiated by M.S. Knebelman
[8] in 1929 and has been investigated in detail by many authors [2, 3, 4, 8]
etc. The conformal change is defined as
L(x, y)→ eσ(x)L(x, y),
where σ(x) is a function of position only and known as conformal factor.
On the other hand in 1985 M. Matsumoto investigated the theory of Finsle-
rian hypersurface [10]. He has defined three types of hypersurfaces that were
called a hyperplane of the first, second and third kinds.
Finslerian Hypersurfaces for a change in a Fisnler metric was studied by sev-
eral authors [5, 6, 7, 12, 16]and obtained so many important results in the
stand point of Finsler geometry.
In the year 2012 Shukla and Mishra we studied Randers conformal change
by defining as
(1.2) L(x, y)→ L∗(x, y) = eσ(x)L(x, y) + β(x, y),
where σ(x) is a function of x and β(x, y) = bi(x)y
i is a 1- form on Mn. This
change generalizes various types of changes. When β = 0, it reduces to a
conformal change. When σ = 0, it reduces to a Randers change. When β = 0
and σ is a non-zero constant then it reduces to homothetic change.
In the present paper we have obtained the condition for a Randers conformal
change to be projective and find out when a totally geodesic hypersurface
F n−1 remains to be a totally geodesic hypersurface F n−1 under the projective
Randers conformal change. Further we obatined the condition under which
a Finslerian hypersurfaces given by the projective Randers conformal change
are projectively flat.
2
2 Preliminaries
Let (Mn, L) be a Finsler space F n, where Mn is an n-dimensional dif-
ferentiable manifold equipped with a fundamental function L. A change in
fundamental metric L, defined by equation (1.2), is called Randers confor-
mal change, where σ(x) is conformal factor and function of position only and
β(x, y) = bi(x)y
i is a 1- form on Mn. A space equipped with fundamental
metric L∗(x, y) is called Randers conformally changed space F ∗n.
Differentiating equation (1.2) with respect to yi, the normalized supporting
element l∗i = ∂˙iL
∗ is given by
(2.1) l∗i (x, y) = e
σ(x)li(x, y) + bi(x),
where li = ∂˙iL is the normalized supporting element in the Finsler space F
n.
Differentiating (2.1) with respect to yj, the angular metric tensor h∗ij =
L∗∂˙i∂˙jL∗ is given by
(2.2) h∗ij = e
σ(x)L
∗
L
hij
where hij = L∂˙i∂˙jL is the angular metric tensor in the Finsler space F
n .
Again the fundamental tensor g∗ij = ∂˙i∂˙j
L∗2
2
= h∗ij + l
∗
i l
∗
j is given by
(2.3) g∗ij = τgij + bibj + e
σ(x)L−1(biyj + bjyi)− βeσ(x)L−3yiyj
where we put yi = gij(x, y)y
j, τ = eσ(x) L
∗
L
and gij is the fundamental tensor
of the Finsler space F n. It is easy to see that the det(g∗ij) does not vanish,
and the reciprocal tensor with components g∗ij is given by
(2.4) g∗ij = τ−1gij + φyiyj − L−1τ−2(yibj + yjbi)
where φ = e−2σ(x)(Leσ(x)b2 + β)L∗−3, b2 = bibi, bi = gijbj and gij is the
reciprocal tensor of gij.
Here it will be more convenient to use the tensors
(2.5) hij = gij − L−2yiyj, ai = βL−2yi − bi
both of which have the following interesting property:
(2.6) hijy
j = 0, aiy
i = 0
3
Now differentiating equation (2.3) with respect to yk and using relation (2.5),
the Cartan covariant tensor C∗ with the components C∗ijk = ∂˙k(
g∗ij
2
) is given
as:
(2.7) C∗ijk = τ [Cijk −
1
2L∗
(hijak + hjkai + hkiaj)]
where Cijk is (h)hv-torsion tensor of Cartan’s connection CΓ of Finsler space
F n.
In order to obtain the tensor with the components C∗jik , paying attention to
(2.6), we obtain from (2.4) and (2.7),
C
∗j
ik = C
j
ik −
1
2L∗
(hjiak + h
j
kai + hika
j)− (τL)−1Cikryjbr −(2.8)
τ−1
2LL∗
(2aiak + a
2hik)y
j
where aia
i = a2. We denote by the symbol (|) the h-covariant differentiation
with respect to the Cartan connection CΓ = (F ijk, N
i
j , C
i
jk) and put
(2.9) 2Eij = bi|j + bj|i 2Fij = bi|j − bj|i
Now we deal with well-known functions Gi(x, y) which are (2)p-homogeneous
in yi and are written as 2Gi = γijky
jyk by putting γijk = g
ir (∂kgjr+∂jgkr−∂rgjk)
2
.
Owing to (2.3) and (2.4), a straightforward calculation leads to
(2.10) G∗i(x, y) =
γ∗ijky
jyk
2
= Gi +Di
where the vector Di is given by
Di = 1
2
{τ−1gir + 2φyiyr − 2L(−1)τ−1(yibr + yrbi)}[τ|02brE00 + 4βFr0 − 2lr −
τ|r + eσL(−1){2σ|0(br + βyr)− 2βσ|r4Fr0 + 2E00yr} − eσL(−3){2β|0yr − β|r} −
βeσL(−3){2σ|0yr − σ|r}],
F ij = g
irFrj and the subscript ’0’ means the contraction by y
i.
3 Relation between projective change and Ran-
ders conformal change
For two Finsler spaces F n = (Mn, L) and F ∗n = (Mn, L∗),if any geodesic
on F n is also a geodesic on F ∗n and the inverse is true, the change L → L∗
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of the metric is called projective. A geodesic on F n is given by a system of
differential equations
(3.1)
d2yi
dt2
+ 2Gi(x, y) = yi, yi =
dxi
dt
where Gi(x, y) are (2) p -homogeneous functions in yi. We are now in a
position to find a condition for a Randers conformal change to be projective.
For this purpose we deal with Euler-Lagrange equations Bi = 0 , where Bi is
defined by Bi = ∂iL− d(∂˙iL)dt . Therefore from the Euler-Lagrange differential
equations B∗i = 0 for F
∗ are given by
B∗i = e
σBi + e
σL∂iσ + ∂iβ − dbidt = 0
Thus the above equation can be written as
(3.2) B∗i = e
σBi + Ai
where Ai is a covariant vector and defined as Ai = e
σL∂iσ + ∂iβ − dbidt .
Thus we have
Proposition 3.1. Let F ∗ n = (Mn, L∗) be an n-dimensional Finsler space
obtained from the Randers Conformal change of the Finsler space F n =
(Mn, L), and 1-form metric, then the Finsler metric L∗ is projective if the
covariant vector Ai of the equation (3.2) vanishes identically.
4 Hypersurface given by projective Randers
conformal change
Hereafter, we assume that metrics L2 and L∗2 are positive-definite respec-
tively and we consider hypersurfaces. According to [9], a hypersurface Mn−1
of the underlying smooth manifold Mn may be parametrically represented
by the equation xi = xi(uα), where uα are Gaussian coordinates on Mn−1
and Greek indices vary from 1 to n-1. Here we shall assume that the matrix
consisting of the projection factors Biα =
∂xi
∂uα
is of rank n-1. The following
notations are also employed:
Biαβ =
∂2xi
∂uα∂uβ
, Bi0β = v
αBiαβ
If the supporting element yi at a point (uα) of Mn−1 is assumed to be tan-
gential to Mn−1, we may then write yi = Biα(u)v
α i.e. vα is thought of
as the supporting element of Mn−1 at the point (uα). Since the function
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L¯(u, v) = L{x(u), y(u, v)} gives rise to a Finsler metric of Mn−1, we get a
(n− 1)-dimensional Finsler space F n−1 = {Mn−1, L¯(u, v)}.
At each point (uα) of F n−1, the unit normal vector N i(u, v) is defined by
(4.1) gijB
i
αN
j = 0, gijN
iN j = 1
If Bαi , Ni is the inverse matrix of (B
i
α, N
i), we have
BiαB
β
i = δ
β
α, B
i
αNi = 0, N
iNi = 1 and B
i
αB
α
j +N
iNj = δ
i
j .
Making use of the inverse matrix (gαβ) of (gαβ), we get
(4.2) Bαi = g
αβgijB
j
β, Ni = gijN
j
For the induced Cartan’s connection ICΓ = (F αβγ , N
β
α , C
α
βγ) on F
n−1, the
normal curvature vector Hα is given by [10]
(4.3) Hα = Ni(B
i
0β +N
i
jB
j
β)
Consider a Finslerian hypersurface F n−1 = {Mn−1, L¯(u, v)} of the F n and
another Finslerian hypersurface F ∗n−1 = {Mn−1, L¯∗(u, v)} of the F ∗n given
by the Randers conformal change. Let N i be the unit vector at each point of
F n−1 and (Bαi , Ni) be the inverse matrix of (B
i
α, N
i). The function Biα may be
considered as components of (n− 1) linearly independent tangent vectors of
F n−1 and they are invariant under Randers conformal change. Thus we shall
show that a unit normal vector N∗i(u, v) of F ∗n−1 is uniquely determined by
(4.4) g∗ijB
i
αN
∗j = 0, g∗ijN
∗iN∗j = 1
Contracting (2.3) by N iN j and paying attention to (4.1) and the fact that
liN
i = 0, we have
(4.5) g∗ijN
iN j = τ + (biN
i)2
Therefore we obtain
g∗ij{± N
i√
τ+(biN i)2
}{± Nj√
τ+(biN i)2
} = 1
Hence we can put
(4.6) N∗i =
N i
√
τ + (biN i)2
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where we have chosen the positive sign in order to fix an orientation.
Using equation (2.3), (4.6) and from first condition of (4.4) we have
(4.7) (biB
i
α + e
σ(x)liB
i
α)
bjN
j
√
τ + (biN i)2
= 0
If biB
i
α+e
σ(x)liB
i
α = 0, then contracting it by v
α and using yi = Biαv
α we get
β + eσ(x)L = L∗ = 0 which is contradiction to the assumption that L∗ > 0.
Hence biN
i = 0. Therefore equation (4.6) can be written as
(4.8) N∗i =
1√
τ
N i
Summarizing the above Shukla, Chaubey and Mishra [16] obtained the fol-
lowing result
Proposition 4.1. If {(Biα, N i), α = 1, 2, ...(n − 1)} be the filed of linear
frame of the Finsler space F n, there exist a field of linear frame {(Biα, N∗i =
1√
τ
N i), α = 1, 2, ...(n−1)} of the Finsler space F ∗n such that (15) is satisfied
along F ∗n−1 and then bi is tangential to both the hypersurfaces F n−1 and
F ∗n−1.
The quantities B∗αi are uniquely defined along F
∗n−1 by
B∗αi = g
∗αβg∗ijB
j
β
where g∗αβ is the inverse matrix of g∗αβ. Let (B
∗α
i , N
∗
i ) be the inverse matrix
of (Biα, N
∗i), then we have
BiαB
∗β
i = δ
β
α, B
i
αN
∗
i = 0, N
∗iN∗i = 1
Furthermore BiαB
∗α
j +N
∗iN∗j = δ
i
j. We also get N
∗
i = g
∗
ijN
∗j which in view
of (2.1), (2.3) and (4.8) gives
(4.9) N∗i =
√
τNi
Now we assume that a Randers conformal change of the metric is projective.
Using (2.10) and Proposition 3.1, we have
(4.10) Di = G∗i −Gi
Since Dij = ∂˙jD
i and N ij = ∂˙jG
i the above gives
(4.11) Dij = N
∗i
j −N ij
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Further contracting the above equation by NiB
j
α we have
(4.12) NiD
i
jB
j = 0
If each geodesic of F (n1) with respect to the induced metric is also a geodesic
of F (n) , then F (n1) is called totally geodesic. A totally geodesic hypersurface
F (n1) is characterized by Hα = 0.
From equation (4.3), (4.9) and (4.11) we have
(4.13) H∗α =
√
τHα +NiD
i
jB
j
Thus using the equation (4.12) in the above equation we have
(4.14) H∗α =
√
τHα
Thus we have
Theorem 4.1. A hypersurface F n−1 of a Finsler space F n(n > 3) is totally
geodesic, if and only if the hypersurface F ∗(n−1) of the space F ∗n obtained
from F n by a projective Randers conformal change, is totally geodesic.
5 Hypersurfaces of Projectively Flat Finsler
spaces
In this section, we shall consider a projective Randers conformal change and
we are concerned with the Berwald connection BΓ on F n = (Mn, L) and BΓ¯
on F ∗n = (M∗n, L). In the theory of projective changes in Finsler spaces,
we have two essential projective invariants, one is the Weyl torsion tensor
W hij and the other is the Douglas tensor D
h
ijk, so that under the projective
Randers conformal change, we get W ∗hij =W
h
ij and D
∗h
ijk=D
h
ijk.
Now we are concerned with a projectively flat Finsler space defined as follows:
If there exists a projective change L → L∗ of a Finsler space F n = (Mn, L)
such that the Finsler space F ∗n = (M∗n, L) is a locally Minkowski space
then F n is called projectively flat Finsler space. We have already known the
following theorems:
Theorem 5.1. [6] A Finsler space F n(n > 2) is projectively flat, if and only
if W hij = 0 and D
h
ijk = 0.
Theorem 5.2. [14] A Finsler space F n(n > 3) is projectively flat then the
totally geodesic hypersurface F n−1 is also projectively flat.
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Thus from theorem (4.1), theorem (5.1) and theorem (5.2) we have
Theorem 5.3. Let F n(n > 3) be a projectively flat Finsler space. If the
hypersurface F n−1 is totally geodesic, then the hypersurface F ∗(n−1) of the
space F ∗n obtained from F n by a projective Randers conformal change, is
projectively flat.
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